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Abstract 

Rotation Invariant Probability Distribut,ons on the Surface 
of a Sphere, with Applications to Geodesy 

James E. Potter 
Assistant Professor of Aeronautics and Astronautics 

Massachusetts Institute of Technology 

and 

Elmer J. Frey 
Lecturer in Aeronautics and Astronautics 

Director of Geodetic Programs 
Experimental Astronomy Laboratory 

Center for Space Research 
Massachusetts Institute of Technology 

Gravity anomalies over the geoid are treated as a stationary sto- 
chastic process whose spectrum is shown to be positive. A class of 
linear transforms defined over the surface of a sphere and invariant un- 
der rotations is considered and the spectrum of such transforms is de- 
fined, The transform of the random process is shown to have its own 
spectrum which is expressed as a product of the spectra of the original 
random process and of the transform. Examples of rotation invariant 
transforms are the transforms which express undulations in an equipo- 
tential surface, or deflections of the vertical, or gravity anomalies 
at any altitude in terms of the gravity anomalies at the surface. An 
example is worked out in which it is shown that the convolution expres- 
sion for the linear transform represented by the Poisson kernel which 
carries the potential function from one radius to another may be repre- 
sented by a single integral involving a complete elliptic integral. 

V 



1 . In t roduct ion  

The eva lua t ion  of very high harmonics of t h e  e a r t h ' s  g rav i -  
t a t i o n a l  f i e l d  may be of i n t e r e s t  i n  a i rbo rne  gravimetry or s a t e l -  
l i t e  geodesy, i f  knowledge i s  des i r ed ,  a t  a l t i t u d e s  above t h e  ge- 
o i d ,  of g r a v i t y  anomalies, d e f l e c t i o n s  of t h e  v e r t i c a l ,  o r  of undu- 
l a t i o n s  of t h e  e q u i p o t e n t i a l  sur face .  These l a t t e r  q u a n t i t i e s  may 
be expressed a s  l i n e a r  i n t e g r a l  t ransforms of the  g r a v i t y  anomalies 
a t  t h e  geoid sur face .  'I) 
t h e  e n t i r e  sur face ,  t h e  c l a s s i c a l  Stokes i n t e g r a l  formulas cannot 
provide exac t  expressions of t h e  d e s i r e d  q u a n t i t i e s .  However, t h e  
s t a t i s t i c a l  information about t h e  anomalies a t  t h e  sur face  may be 

used t o  provide c e r t a i n  s t a t i s t i c a l  parameters of t h e  des i r ed  ex- 
p re s s ions  a t  a l t i t u d e .  

Kaula (2) h a s  t r e a t e d  g r a v i t y  anomalies over t h e  geoid as  a 

Without knowledge of t h e  anomalies over 

random process  described s t a t i s t i c a l l y  by a covariance func t ion  
i n v a r i a n t  under t r a n s l a t i o n  on t h e  sur face ,  and h a s  derived t h e  
spectrum of t he  random process  using t h e  methods of Wiener's gen- 
e r a l i z e d  harmonic ana lys i s .  ( 3 )  I n  communications and con t ro l  sys-  
t e m s  theory these methods a r e  w i d e l y  used i n  t h e  s p e c t r a l  analy- 
sis of random processes  with t i m e  a s  t h e  independent va r i ab le ,  
and of l i n e a r  t ransforms of  t h e  random processes .  This a r t i c l e  
i s  devoted t o  t h e  d e s c r i p t i o n  of c e r t a i n  l i n e a r  transforms def ined 
over t h e  sur face  of a sphere and t o  t h e  de r iva t ion  of t h e  spec t r a  
of such l i n e a r  transforms of s t a t i o n a r y  random processes  on t h e  
sphere.  

The s t a t i o n a r y  t i m e  series i s  one whose s t a t i s t i c s  a r e  in -  
v a r i a n t  under a t r a n s l a t i o n  i n  t i m e  and h a s  a p a r t i c u l a r l y  simple 
covar:-snce funct ion,  The corresponding d e f i n i t i o n  f o r  a random 
process  defined over t he  sur face  of a sphere r e q u i r e s  invariance 
under a t r a n s l a t i o n  on t h e  sur face ,  which corresponds t o  i n v a r i -  
ance under any r o t a t i o n  about t h e  center .  Such s t a t i s t i c s  a r e  ap- 
p r o p r i a t e  for t h e  d e r i v a t i o n  of a common s t a t i s t i c a l  parameter t o  
describe an a r b i t r a r y  pa th  above the sur face .  The covariance 
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func t ion  of a random process  y , ( t )  i s  t h e  s t a t i s t i c a l  average of 
X ( t l ) % ( t 2 )  and for a s t a t i o n a r y  p rocess  i s  a func t ion  only of 
t h e  i n t e r v a l  t2 - tl. 
random process  def ined  on the sphere depends only  on t h e  d i s t a n c e  
between t h e  two p o i n t s .  The Four ie r  t ransform of t h e  covariance 
func t ion  of a s t a t i o n a r y  t i m e  series is a non-negative q u a n t i t y  
which r e p r e s e n t s  the power s p e c t r a l  d e n s i t y  of  t h e  series. The 

covariance func t ion  of t h e  s t a t i o n a r y  process on t h e  sphere h a s  
a non-negative spectrum represented  by t h e  c o e f f i c i e n t s  i n  a Le- 

gendre polynomial expansion. The spectrum of t h e  t i m e  series i s  
a func t ion  of  frequency alone and con ta ins  no phase information.  
S imi l a r ly  t h e  spectrum of t h e  p rocess  on a sphere r e p r e s e n t s  only 
the degree of s p h e r i c a l  harmonics and no t  t h e  order .  

The covariance func t ion  of a s t a t i o n a r y  

The l i n e a r  o p e r a t o r s  assoc ia ted  with random processes  i n  
c o n t r o l  s y s t e m  theory  r ep resen t  l i n e a r  ord inary  d i f f e r e n t i a l  e- 

qua t ions  i n  t h e  time domain, w i t h  s t o c h a s t i c  i n p u t s .  The spec- 
trum of t h e  opera tor  i s  r q r e s e n t e d  b y  t h e  t r a n s f e r  func t ion  of 
t h e  d i f f e r e n t i a l  equat ion ,  and t h e  spectrum of  t h e  transformed 
q u a n t i t y  i s  a product  involving t h e  spec t r a  of t h e  random process  
and of the l i n e a r  transform. I n  the case of l i n e a r  t ransforms 
over the sphere,  t h e  k e r n e l s  of c e r t a i n  r o t a t i o n - i n v a r i a n t  t r a n s -  
forms a r e  shown t o  have spec t r a  analogous t o  those of t h e  cons t an t  
c o e f f i c i e n t  l i n e a r  d i f f e r e n t i a l  equat ion ope ra to r .  The spectrum 
of t h e  transformed q u a n t i t y  i s  again a product  involv ing  t h e  spec- 
t r a  of t h e  random process  and of the t ransform.  

The development involves  f i r s t  t h e  d e f i n i t i o n  of  r o t a t i o n  
invar iance  for p r o b a b i l i t y  d i s t r i b u t i o n s  and f o r  l i n e a r  ope ra to r s  
over t h e  su r face  of a sphere.  The spectrum of t h e  random process  
i s  shown t o  be p o s i t i v e ,  t h e  spectrum of t h e  l i n e a r  opera tor  i s  
der ived ,  and t h e  spectrum of t h e  transformed func t ion  i s  der ived .  
F i n a l l y ,  an example using the Poisson ke rne l  i s  chosen and a rep- 
r e s e n t a t i o n  of t h e  convolution wi th  the Poisson ke rne l  i s  ob- 
t a ined  as a s i n g l e  i n t e g r a l  involv ing  i n  t h e  in tegrand  a complete 
e l l i p t i c  i n t e g r a l  of t h e  second kind. 
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2. Rotat ion Inva r i an t  P r o b a b i l i t y  D i s t r i h l t i o n s  and Operators 
on t h e  Surface of a Sphere 

L e t  p o i n t s  on the sur face  S of t h e  u n i t  sphere be repre-  
s e n t e d  by  u n i t  vec tors*  e. L e t  H denote t h e  H i l b e r t  space L (S)  

with t h e  inner  product (f,g) of two func t ions  f(e) and g ( g )  de- 

f ined  a s  t h e  i n t e g r a l  of t h e i r  product with r e spec t  t o  sur face  
a rea  : 

2 

L e t  ~ ( g )  be a random funct ion  on S with covariance funct ion:  

and l e t  C * ( e l , e 2 )  be t h e  kerne l  of a l i n e a r  "covariance" operator  - -  ,. 
C on H: 

2 If f and g a r e  L func t ions  over s#  5 = (f,X) and = (g,X) 
a re  s c a l a r  random v a r i a b l e s ,  and: 

C i s  s e l f - a d j o i n t  s ince  t h e  kernel  C* i s  symmetric. 

*The following no ta t ion  i s  used: 
Vectors a r e  represented by underlined lower case  le t ters .  
A h o r i z o n t a l  l i n e  above a symbol r ep resen t s  a s t a t i s t i c a l  average. 
The ke rne l  of a l i n e a r  i n t e g r a l  opera tor  which i s  a funct ion of 
t w o  u n i t  vec to r s  i s  represented by an upper case l e t te r  with an 
a s t e r i s k  supe r sc r ip t ;  t h e  corresponding operator  i s  represented 
by t h e  same le t ter  w i t h  a t i l d e ,  a s  i n  Eq ( 3 ) .  When t h e  kerne l  
reduces t o  a func t ion  of one va r i ab le ,  t h e  upper case let ter 
without t h e  a s t e r i s k  i s  used t o  r ep resen t  t h e  funct ion.  

- 3 -  



T, 

L e t  L be s l i n e a r  operator  on H,  l e t  R be a r o t z t i o n  matr ix  
2 and l e t  f be L . Define the  func t ion  f l ( e )  by t h e  r e l a t i o n :  

% % 

L e t  g = Lf and g '  = L f ' .  Then L i s  def ined t o  be a r o t a t i o n  i n -  
v a r i a n t  ( R I )  opera tor  i f :  

f o r  every R anc? every f .  

I f  t he  s t a t i s t i c s  of t h e  random process  ~ ( 2 )  a re  r o t a t i o n  
% 

i n v a r i a n t ,  C i s  a R I  opera tor .  The Poisson opera tor  which r e l a t e s  
p o t e n t i a l  func t ions  a t  d i f f e r e n t  r a d i i  i s  an example of a R I  op- 
e r a t o r .  

3 .  Spectrum of R I  Operators and D i s t r i b u t i o n s  
% 

L e t  L * ( e l , e 2 )  be t h e  kerne l  of the i n t e g r a l  operator  L: - -  

L e t  L be expanded i n  t h e  series of Legendre'polynomials: 

m i -  1 1 

% 

and l e t  Pk be t h e  R I  opera tor  w i t h  kerne l  P k ( x ) .  
i s  a sphe r i ca l  harmonic of degree e: 

Then i f  f e ( e )  
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f i f  4rr 
'kfe 2 e  + 1 ke e 

- - % 

wherebke i s  t h e  Kronecker symbol. Equations (9 )  and (10)  show 
t h a t  t h e  e igen  func t ions  of L a r e  t h e  s p h e r i c a l  harmonic poly-  
nomials and the  e igenvalues  a r e  t h e  c o e f f i c i e n t s :  

r\, 

1 

-1 
Lk = 2nf L ( X ) F k ( K )  d x  

so t h a t  E q  (9)  X T I Y  be r e w r i t t e n :  
m 

1 
L ( x )  = (2k i- l)LkPk(x) 

k=O 

The corresponding Pa r seva l  r e l a t i o n s h i p  i s :  
03 

( 9 '  1 

IL 

The spectrum of t h e  l i n e a r  opera tor  L , r e p r e s e n t e d  by t h e  
e igenvalues  Lk,  corresponds t o  t h e  t r a n s f e r  func t ion  of t h e  l i n e a r  
cons t an t  c o e f f i c i e n t  ord inary  d i f f e r e n t i a l  equat ion opera tor  i n  
the t i m e  domain. The e igenvalues  of t h e  covariance opera tor  C 

w i l l  be c a l l e d  the power spectrum of t h e  p r o b a b i l i t y  d i s t r i b u t i o n .  
The next  s t e p  is t o  show t h a t  t h e  spectrum Ck is p o s i t i v e .  

rn 

L e t  f be a s p h e r j c a l  harmonic of degree k .  Then from Eq (4 ) :  k 

Since C ( x )  may be expressed i n  LegendEe polynomials a s :  
m 

rn 

with  c o e f f i c i e n t s  Ck ddfined a s  i n  Eq (9),  t h e  opera tor  C may be 

expressed i n  the form: 
m 

k=O 
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Application of E q s  (10) and (15) t o  Eq (13) produces:  

i f  t h e  f k  a r e  normalized. Thus ck i s  expressed a s  an average of 
t h e  square of a s c a l a r  quan t i ty ,  which must be non-negative, and 
the  spectrum i s  p o s i t i v e ,  j u s t  a s  t he  Fourier  transform of t he  co- 
var iance func t ion  of a s t a t i o n a r y  t i m e  series i s  p o s i t i v e .  

4. Convolution of Two Kernels 

T h e  product of two R I  ope ra to r s  i s  R I .  L e t :  

% ** 
N = M L  

Then : 

and : 

where : 

y = x cos Jd cos e -I- 11-,. cos d s i n  e 
(20) z = COS COS e 

Denote t h i s  convolution opera t ion  by N = M*L. From the  

preceding sec t ion ,  it fol lows t h a t  Nk = MkLk. 

5, S t a t i s t i c s  of Rotat ion Inva r i an t  Transforms 
r\, * 

L e t  L and M be R I  ope ra to r s  and l e t :  

where ~ ( e )  is a R I  random process  with covariance funct ion C * ( e l , e 2 ) .  - -  
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Now l e t  : 

be the s t a t i s t i c a l  average of thc product  JI (el) B ( e ~ ) ,  - - 
Let f and g belong 'cc. H znd l e t :  

Then : 

3 I ( 2 5 )  

Q 

Consequently, the covariance operator  P ,  i t s  kerne l  P ,  and i t s  
spectrum Pk a re :  

Q m 2 Q f - U  

P = M C L  

P = M*C*L 

Equation (29) shows t h a t  t h e  spectrum of an RI transform of an 
RI s t o c h a s t i c  process  i s  a l s o  p o s i t i v e ,  f o r  t h i s  i s  t h e  case when 

= Lk and Pk consequently has  t h e  same s ign  a s  Ck. The pre- Mk 
ceding expressions a r e  a l s o  u s e f u l  i n  c a l c u l a t i n g  t h e  cross-  spec- 
t r a  of two d i f f e r e n t  transforms of t h e  same random process .  

6.. The Poisson Operator 

The ke rne l  of t h e  Poisson operator  is:  
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2 2 
r o b  - ro) 

3/2 4n [ r2  + r: - 2 r r  XI L ( X )  = 
0 

k=O 

% 

so t h a t  t h e  spectrum of  L i s :  

k + l  

Lk 

L e t  R(x) be t h e  covariance of t h e  p o t e n t i a l  a t  r a d i u s  r l  
with t h e  p o t e n t i a l  of another p o i n t  a t  r a d i u s  r2 and with a r a d i u s  
making an angle  y with t h e  f irst  r a d i u s  (x = cos  y). The power 
spectrum of R i s :  

k+l ro k+l 
Rk = %($) (5) 

where ck i s  the spectrum of  t h e  p o t e n t i a l  a t  r a d i u s  rO. 
i s  a covariance func t ion ,  
Ck a r e  non-negative and 

Gaussian d i s t r i b u t i o n  with covariance func t ion  C (x) . I n  p a r t i c u l a r :  

If C(x) 
> 0 fo r  a l l  k; furthermore,  i f  t h e  'k = a3 

(2k + l ) C k  converges, t h e r e  exis ts  a 
k,O 

cn 
1 _. 

c ( 0 )  = x2 = (2k + l ) C k  (33 )  
k=O 

rep resen t s  t h e  mean square value of t h e  random funct ion  ~ ( 2 ) .  

7. Representation of Convolution with t h e  Poisson Kernel a s  a 
S inqle  I n t e q r a t i o n  

The Poisson kerne l  f o r  transforming a p o t e n t i a l  from r a d i u s  
r t o  r a d i u s  r i s :  

0 1 
2 1 a ( l  - a 1 

312 P a w  = 
[ 1 +  a2 - 2 a x l  

(34) 

r where : 
0 c x . = -  
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Using this definition 

Y P,* P B  = P 

where y = cr.B. 
at two different radii rl and r2: 

The calculation of the covariance of the potential 

reduces to the convolution: 

D = Py* C 

where C is the covariance function for roand 
2 r 

y =  - r r  1 2  
0 (39) 

The convolution (38) will be expressed as a one-dimensional 
integral; that is, an R(x,y) will be found such that: 

(40) 

-1 

Such an expression might be more useful than the Leyendre 
polynomial expansion of D (x) for investigating short correlation 
distances. 

Equation (38) may be rewritten: 

Define: 

Without loss of generality, rotation invariance permits 
simplifying the equations by assuming: 

- 9 -  



e = k  2 - 
= cos Jr & + s i n  Jr & - el 

= cos # & + s i n  d (cos e f + s i n  8 j )  - e3 - 
where L, j, k a r e  t h e  usua l  u n i t  vec to r s  and jd and 8 r ep resen t  
t h e  c o l a t i t u d e  and longi tude  of t h e  p o i n t  represented by e3- 

- 
Then: - 

e2. e3 = cos d - -  

= cos d cos IJ + s i n  # s i n  Jr cos e (43 I - el. 3 

and t h e  convolution expression (40) t a k e s  the  form: 

 cos Jr) = % cos # + s i n  % s i n  $4 cos 8) d 8  C ( c o s  # ) s i n  # a #  3 (44) 
where t h e  expression wi th in  t h e  bracke ts :  

2n 
U ( $ , d )  = o ~ P y ( c o s  dl cos gf + s i n  $ s i n  cos 9 )  d e  (45 1 
r ep laces  R(x,y) Symrnetry of cos 8 reduces (45) to: 

n 
U ( $ , p f )  = 2J P (cos $ cos pf 4- sin 1k s i n  pf 70s 8) d e  (45 ' )  

D(cos $ )  = U($,d)c(COS & s i n  # d d  (44') 

' 8 Y  
and (4.4) becomes: IT 

0 

I f  p ( x )  i s  defined by  

2 
p(x) = d1 + y - 2yx 

then : 
2 

P (x) = y( 1 - Y )  
Y 4 v 3  (X)  

S e t t i n g  : x = cos Jr cos # + s i n  % s i n  # cos  e 
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o 2  = 1 + y 2  - 2y (cos  Q cos p~ + sin s i n  6 cos 0 1  

0 s i n  JI s i n  6 2 = 1 + y - 2ycos(llr + #) - 4y cos 

2 2 2 2 6  or : P = p 0 ( 1  - a cos  5) 

where : Po = J1 + y2 - 2ycos($  + 8 )  

4ysin d s i n  $ a =  
4- y2 - 2ycos(l+pl) 

and a i s  r e a l  s ince  both $ and jd range between o and IT, From 
the r e l a t i o n s h i p :  

2 I t - y  2 - 2ycos(JI-d) 
1 + v2  - 2ycos(llr4-pJ) 

1 - a  = 

which i s  a non-negative quan t i ty ,  t h e  r e s u l t  follows t h a t :  

2 a 5 1  - (54) 

Thus ‘ i f  q i s  used t o  r ep lace  7, e t h e r e  follows: 

This can be s impl i f ied  into t h e  form of the complete e l l i p t i c  

by use of the r e l a t i o n s h i p :  
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which i s  proved below. The f i n a l  form of Eq (45) t h u s  becomes: 

where a and E ( a )  a r e  def ined by (52) and (56) .  

To prove Eq  (57) is v a l i d ,  use t h e  complete e l l i p t i c  i n t e g r a l  
of t h e  f i r s t  kind: 

whence : l-r - 
2 

However, t h e  e l l i p t i c  i n t e g r a l s  s a t i s f y :  

d K  
da a - = - K +  

whence Eq ( 5 7 )  fol lows 'immediately. 
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